
The Student's Guide to Lagrangians and
Hamiltonians
Lagrangian and Hamiltonian mechanics are two powerful mathematical
formulations of classical mechanics that provide a deep understanding of
the behavior of physical systems. These formulations are widely used in
various fields of physics, including mechanics, electromagnetism, and
quantum mechanics. This guide aims to provide students with a
comprehensive overview of Lagrangians and Hamiltonians, their
mathematical foundations, physical interpretations, and practical
applications.

Lagrangian mechanics is based on the concept of the Lagrangian, a
function that describes the state of a physical system in terms of its
generalized coordinates and velocities. The Lagrangian is typically
expressed as the difference between the kinetic and potential energies of
the system:

L = T - V
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where:

L is the Lagrangian

T is the kinetic energy

V is the potential energy

The equations of motion for a system can be derived from the Lagrangian
using the Euler-Lagrange equations:

d/dt (dL/d\dot{q}_i) - dL/d{q}_i = 0

where:

q_i are the generalized coordinates

\dot{q}_i are the generalized velocities

The Lagrangian can be interpreted as a measure of the "action" of the
system. Action is a fundamental concept in physics that characterizes the
trajectory of a system over time. The principle of least action states that the
actual path taken by a system is the one that minimizes the action. This
principle provides a powerful tool for solving complex mechanical problems.

Hamiltonian mechanics is an alternative formulation of classical mechanics
that uses the Hamiltonian, a function that describes the state of a system in
terms of its generalized coordinates and conjugate momenta. The
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Hamiltonian is typically expressed as the sum of the kinetic and potential
energies:

H = T + V

where:

H is the Hamiltonian

T is the kinetic energy

V is the potential energy

The equations of motion for a system can be derived from the Hamiltonian
using Hamilton's equations:

\dot{q}_i = \partial H/\partial p_i

\dot{p}_i = -\partial H/\partial q_i

where:

q_i are the generalized coordinates

p_i are the conjugate momenta

The Hamiltonian can be interpreted as the total energy of the system. It is a
constant of motion, meaning that it remains constant throughout the
system's evolution. This property makes Hamiltonian mechanics
particularly useful for studying systems with conserved quantities.



Lagrangian and Hamiltonian mechanics are two equivalent formulations of
classical mechanics. They are related through a mathematical
transformation known as the Legendre transformation:

H = \sum_{i=1}^n p_i \dot{q}_i - L

where:

H is the Hamiltonian

L is the Lagrangian

p_i are the conjugate momenta

q_i are the generalized coordinates

The Legendre transformation preserves the equations of motion, meaning
that the same trajectories are obtained using either Lagrangian or
Hamiltonian mechanics.

Lagrangians and Hamiltonians have wide-ranging applications in many
areas of physics, including:

Mechanics: Describing the motion of rigid bodies, fluids, and other
mechanical systems

Electromagnetism: Formulating Maxwell's equations and studying
electromagnetic fields

Quantum Mechanics: Developing the Schrödinger equation and
describing the behavior of quantum systems



Statistical Mechanics: Deriving the Boltzmann distribution and
studying the behavior of statistical ensembles

These formulations provide a powerful mathematical framework for
understanding and predicting the behavior of physical systems across a
vast range of scales.

Lagrangian and Hamiltonian mechanics are essential tools for
understanding classical mechanics. They provide a deep and elegant
mathematical framework for describing the behavior of physical systems
and have broad applications in various fields of physics. This guide has
introduced the basic concepts and formulations of Lagrangians and
Hamiltonians, equipping students with the foundation to explore these
powerful techniques further. By mastering these concepts, students can
gain a deeper understanding of the fundamental laws of nature and
develop their skills in problem-solving and theoretical physics.
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